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£Nj ■ Abstract. We explicitly construct the twistor spaces of some self-dual metrics with torus 

> | | action given by D. Joyce. Starting from a fiber space over a projective line whose fibers are 

f> |. compact singular toric surfaces, we apply a number of birational transformations to obtain 

' the desired twistor spaces. Especially an important role is played by Atiyah's flop. 
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1. Introduction 



In 1995, D. Joyce [3] constructed a series of self-dual metrics with torus action on the 
Q | connected sum of complex projective planes. A. Fujiki [Q intensively studied algebro-geometric 

properties of the twistor spaces of Joyce metrics and obtained a characterization of Joyce 
metrics saying that any self-dual metric on these 4-manifolds admitting an effective torus 
action must coincide with Joyce metrics. However, it is still unknown the way how to construct 
the twistor spaces. In this paper we shall explicitly construct the twistor spaces of some Joyce 
metrics on 4P 2 . 

CN ' Unlike past algebraic studies of twistor spaces, the main tool in this paper is the anticanon- 

ical system of the twistor spaces. In Section 2, after reviewing some necessary results in §2.1, 
we first show in §2.2 that the meromorphic map associated to the anticanonical system of the 
(SJ ■ twistor space is bimeromorphic onto its image. Then next we determine its defining equations 

of the image in a projective space. The conclusion is that the anticanonical model of the 
twistor space is a complete intersection of degree 8 in P 6 of a particular form (Theorem 12.2(1 . 
Subsequently in §2.3 we obtain more necessary conditions on the defining equations (Theorem 
12.51) . concerning how the defining quadratics intersect. 

Section 3 (and the figures there) is a heart of this paper. Based on the computations in 
Section 2, we will give an explicit way how one can obtain the twistor space starting from the 
projective model. Our procedure (Step 1- Step 6) consists of a number of blowing-ups and 
blowing-downs, including careful choice of small resolutions of ordinary double points, as well 
as many flops which are always possible if there is a smooth rational curve in a 3-fold having 
an appropriate normal bundle. All the operations are concretely displayed in figures. 

We remark that a reader who is interested in the construction itself can consult Section 
3 and Figures I3HH1 directly. The results of Section 2 are needed in order to prove that the 
constructed 3-folds are actually the twistor spaces of Joyce metrics. 

It should also be worth mentioning that the defining equations of the anticanononical models 
of the twistor spaces are obtained in effect in the following manner: (i) first the defining 
equations of the bi-anticanonical model of a toric surface (in P 4 ) are determined, (ii) then 
the coefficients of the defining equations are replaced by polynomials, and they are thought as 
equations defined on a (P 4 -)bundle over a projective line. 

Notations and Conventions. Throughout this paper we try to use the same notations as 
those in p. In particular, K = U(l) x U(l), G = C* x C* and for a positive integer n, nP 2 
denotes the connected sum of n copies of complex projective planes. For a complex vector 
space V, ~P V V denotes the dual complex projective space. The dimension of a linear system 
always means the projective dimension, so that if \L\ is the complete linear system associated 
to a holomorphic line bundle L over a compact complex manifold X, the associated map is 
a meromorphic map from X to P V H°(X, L) = P n , where n = dimH°(X,L). Further, 



Bs \L\ denotes the base locus of the linear system. For a linear subspace P of a projective 
space, dimP = implies that P is a point. A smooth rational curve in a 3-fold is called a 
(—1, — l)-curve if the 3-fold is smooth in a neighborhood of the curve and if its normal bundle 
is isomorphic to^(— 1) ^(— 1). If yl is a finite set, #A denotes the number of elements of A. 

2. The anticanonical models of the twistor spaces 

2.1. Review of known results on the twistor spaces of Joyce metrics. First of all we 
briefly recall a description of ET-actions on nP 2 following ^d] in order to explain which Joyce 
metrics we are concerned. The set of equivalence classes of all smooth effective iT-actions on 
nP 2 can be classified by using combinatorial data, in an analogous way to a description of 
toric surfaces. Concretely, for a given smooth effective if-action on nP 2 , the singular set of the 
action, namely the set of points having a non-trivial isotropy group, forms a 'cycle' of (n + 2) 
spheres. The intersection points of these spheres are fixed points of the X-action and if we 
remove these points from the cycle of singular set, the isotropy subgroup of each connected 
component becomes a t7(l)-subgroup 

K(l,m) = {(s,t) (£K\s l t m = 1}, 

where I and m are relatively coprime integers determined only up to similtaneous inversion of 
signs. If K(l,m) and K(l',m!) are the isotropy subgroups of adjacent components, we have 
\lm! — ml'\ = 1. Conversely, if we are given a sequence of (n + 2) subgroups of the form K(l,m) 
satisfying these relations, one can construct a smooth effective K-action on raP 2 having the 
sequence as the isotropy subgroups of the singular set. 

For each smooth effective X-action on nP 2 , Joyce [H] constructed an (n — l)-dimensional 
family of self-dual metrics on nP 2 having the given .fT-action as an isometry group. One 
can also consult a paper of Pedersen-Poon where the existence of such self-dual metrics 
is proved by using a method of Donaldson and Friedman. Conversely, Fujiki [Tj proved that 
any self-dual metric on reP 2 admitting a smooth effective .fT-action is isomorphic to a Joyce 
metric. When 1 < n < 3, Joyce metrics on nP 2 are not new in the sense that they are 
nothing but a special form of LeBrun metrics This is partly because smooth effective 
K-actions on nP 2 is unique up to equivalence, for 1 < n < 3, according to a formula of Fujiki 
^ Prop. 3.3]. The formula also shows that if n = 4, there arise 3 kinds of X-actions that are 
mutually non-equivalent. Therefore on 4P 2 there are precisely 2 families of Joyce metrics that 
are different from LeBrun metrics. These 2 kinds of .fT-actions respectively have the following 
circular sequences of [/(l)-subgroups as their isotropy: 

{K(1,0),K(1,1),K(0,1),K(-1,2),K(-2,3),K(-1,1)} • • • Type I, 

{K(l, 0),K{1, 1),K{0, 1), K(-l, 2), K(-l, 1), K(-2, 1)} • • • Type II. 

In this paper we are interested in the twistor spaces of Joyce metrics on 4P 2 whose in- 
action is Type I. Before starting its investigation, we recall results of Fujiki about beautiful 
structures of the twistor spaces of Joyce metrics on raP 2 in general. For this, recall that if 
a torus K acts on a compact 4-manifold preserving a self-dual structure, then the i^-action 
naturally induces a holomorphic G-action on Z . We also recall that if S is a compact smooth 
toric surface, and if T (~ G) is the unique 2-dimensional orbit in S, then C = S\T is the 
unique G-invariant anticanonical curve on S, which is necessarily a cycle of k rational curves 
where k = 12 — Kg. 

Proposition 2.1. Let Z be the twistor space of a Joyce metric on nP 2 which is different 
from LeBrun metrics. Then the following holds, (i) dim |(— l/2)i^^| = 1 and its members are 
G-invariant. Moreover, general members of the pencil are irreducible and smooth, and they 
become a toric surface with K 2 = 8 — 2n. (ii) Let S be a general member of the pencil and 
C the unique G-invariant anticanonical curve on S. Then the base locus of the pencil is C . 
(Hi) If we write C = X^=i~ 4 ^ n suc h a way that Ct and Cj+i intersect, the real structure 
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on Z exchanges C\ and Ci+ n +2, where the subscriptions are counted modulo 2n + 4. (iv) 
The pencil \(—l/2)Kz\ has precisely (n + 2) singular members and all of them consist of two 
smooth irreducible toric surfaces that are conjugate of each other, (v) If we write Si = Sf + S~ 
(1 < i < n + 2) for the reducible members, Sf~ and Sj~ divide C into 'halves ' in the sense that 
both (~l C and n C are connected (cf. (in)). Moreover, Li := n is a G -invariant 
twistor line. 

The restriction of the twistor fibration Z — » nP 2 on a smooth member S of |(— l/2)Kz\ is 
-KT-equivariant and we can determine the structure of S as a toric surface from the if-action 
on nP 2 , by noting that the restriction of the twistor fibration on C gives an unramified double 
covering onto the singular set of the if-action on nP 2 . Also, it is possible to determine the 
structure of (and S~ ) as toric surfaces for every l<i<n + 2ina similar way. 

2.2. The anticanonical systems of the twistor spaces. For the rest of this paper Z always 
denotes the twistor space of a Joyce metric on 4P 2 whose if -action is of Type I. The purpose 
of this subsection is to prove the following result about the anticanonical system of the twistor 
space Z and its associated map: 

Theorem 2.2. We have the following, (i) dim [ — Kz\ = 6 and Bs | — Kz\ C C, where C 
is a cycle of 12 rational curves as in Proposition ]^. 1\ (ii) The meromorphic map $ : Z — > P 6 
associated to \ — Kz\ is bimeromorphic onto its image, (in) The image of <3? is a complete 
intersection in P 6 defined by the following three equations 

(1) xxx 2 = Qi(x 5 ,x e ,x 7 ), x 3 X4 = Q 2 (x 5 ,x 6 ,x 7 ), xl = x 6 x 7 , 

where (xi, ■ ■ ■ ,x 7 ) is a homogeneous coordinate on P 6 ; and both Qi and Q 2 are homogeneous 
quadratic polynomials of (x&, xq, xj) with real coefficients, (iv) In the above coordinate the real 
structure on P 6 induced from that on Z is given by 

(2) (xi,X2,X 3 ,X 4 ,X 5 ,X 6 ,X 7 ) i — > (x2,Xl,Xi,X3,X5,Xe,X 7 ). 

For a proof of Theorem 12.21 we study bi-anticanonical system of a general member S of the 
pencil \(—l/2)Kz\- By Proposition ^. 11 S is a smooth toric surface with K 2 = 0. For the cycle 
C of G-invariant anticanonical curve on S, we respect the real structure and write 

6 6 
i=l i=l 

where Cj denotes the conjugation of Cj (namely the image of Cj by the real structure). We 
can suppose CjCj+i = CjCj+i = 1 for 1 < i < 5 and CqC± = C§C\ = 1 hold (cf. Figure 
EJ). Moreover, the self-intersection numbers of Cj inside S can be easily computed and after a 
possible renumbering we have 

C2 o o i o o /^~*2 -i 

Then we have the following two results on the bi-anticanonical system of S: 

Lemma 2.3. Let S be an irreducible member of the pencil \{—l/2)Kz\ and C = ^ Cj + Yl C* 
the G-invariant anticanonical curve as above. Then we have the following, (i) Bs | — 2K$\ = 
C\ + C2 + C\ + C5 + C\ + C2 + C\ + C5 and the movable part of the system is base point 
free and 4- dimensional, (ii) The associated morphism <j> : S — > P 4 is birational onto its image, 
(in) The image of <f> is a complete intersection in P 4 defined by 

(3) x\X2 = oxq, X3X4 = bxQ 

for some a, b € C*, where (xo, ■ ■ ■ ,x^) is a homogeneous coordinate on P 4 . (iv) If S is a real 
member, the real structure on P 4 = P v H°(— 2K$) induced from S is given by, in the above 
coordinate, 

(4) (xq,Xs_,X2,Xz,X4) 1 — > (xo,x 2 ,x 1 ,x i ,x 3 ), 
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so that a and b must be real numbers. 



Lemma 2.4. (i) If ab 7^ ; the surface © in P 4 is a toric surface whose singular locus 
consists of 4 ordinary double points, (ii) If (a,b) € R 2 , the surface © has a real point iff 
a > and b > 0. (Hi) If <ft '■ S —>■ P 4 is as in Lemma W^. 4> '■ S — > 0(5) is the composition of 
the blowing-down of the four (—1) curves Cs,Cq,Cs,Cq and the contraction of the images of 
C\,C^C\,C± (which become {—2)-curves) to the ordinary double points of <p{S). 

The equations © will become important in our description of the anticanonical models of 
the twistor spaces. Actually they will be obtained in effect by viewing © as equations in some 
P 4 -bundle over P 1 and allowing a and b to be polynomials. 

Proof of Lemma 12.31 By calculating intersection numbers, it can be readily seen that the 
the fixed component of the system | — 2K$\ is (Gi + G2 + G4 + G5) + [C\ + G2 + G4 + G5). 
Removing this from —2K$ = 2G, we obtain that the movable part of | — 2K$\ is the system 
\F\, where F = —K$ + G3 + Cq + G3 + C§. It can be shown by a standard argument that 
\F\ is free, 4-dimensional, and F 2 = 4. Thus we obtain (i). It can also be easily seen that a 
general member A of \F\ is a smooth elliptic curve. Since S is rational, the restriction map 
H°(S,F) — > H°(A, F\a) is surjective. Because degF|A = F 2 = 4, F\a is very ample. It 
follows that 4>\a is biholomorphic onto its image. Moreover, by the definition of the map (f>, 
we have _1 ((j)(A)) = A. Therefore (f> is generically one-to-one and hence birational onto its 
image. Hence we obtain (ii). Next we determine the image (p(S) in P by using G-action. 
First since ^ is a birational morphism and F 2 = 4, 4>(S) is a non-degenerate surface of degree 
4. On the other hand, by the theory of toric variety, the natural G-action on the cohomology 
group H°(—mKs) can be computed by solving a system of linear inequalities over integers [2]. 
The result of the computation is that, if m = 2, the G-action takes a simple form 

(5) (yo, 2/1,2/2,2/3,2/4) 1 — ► (2/o,s~ 1 2/i,s2/2,^ 1 2/3,i2/4) for (s,t) € G 

for a coordinate (2/0,''' ,2/4) on H°(—2Ks). Letting (xq,--- , X4) be the dual coordinate of 
(2/0, • • • ,2/4) on H°(—2Ks) v , the natural G-action on H°(—2Ks) v is given by 

(6) (^0)^1,^2,^3,^4) 1 — ► (x ,sxi,s~ 1 X2,tx3,t~ 1 x 4: ) for (s,t)eG. 

Similarly, if S is a real member, the induced real structure on H°(—2Ks) v can be seen to be 
of the form (@J in the above coordinate (xo, • • • , £4). In particular we obtain (iv). Going back 
to a general S, since <f) : S — > P 4 is a G-equivariant birational morphism, the image (j)(S) must 
be an irreducible surface which is the closure of some G-orbit. In view of © we consider a 
rational map (xq, xi, X2, X3, X4) t— > (x\X2, X3X4, Xq) from P 4 to P 2 . Since G acts trivially on 
the target space, every G-orbit in P 4 is contained in some fiber of this rational map. Namely, 
any G-orbit is contained in the surface 

(7) (xix 2 , £3x4, Xq) = (a, b, c) 

for some (a,b,c) G P 2 . Because ® always defines a surface of degree 4 in P 4 , <fi(S) must 
coincide with the surface for some (a,b,c). Now we show that abc 7^ 0. Since <fi(S) is not 
contained in any hyperplane in P 4 , we have c / 0. If a = and be 7^ 0, then the surface 
becomes {x\X2 = 0,0x3X4 = bx^} and this is a reducible quartic surface whose irreducible 
components are quadratic cones in P 3 over a smooth conic. This cannot happen since <j)(S) 
is irreducible and degree 4. Similarly, the case b = 0, ac 7^ cannot happen. Moreover, if 
a = b = 0, then the surface ® becomes {x±X2 = X3X4 = 0} and this consists of 4 planes. 
Hence this case is also impossible. Thus we obtain abc 7^ 0. Letting c = 1, we obtain the 
required defining equation © and we get (hi). □ 

For the proof of Lemma l2.4l fi'). it is convenient to take a projection from a point (1, 0, 0, 0, 0) E 
P 4 to a hyperplane P 3 ^ = {xo = 0}. (ii) of the lemma can be verified by direct computations 
using © and ©. (iii) can also be proved readily because as in the above proof of Lemma l2.3l 
we know the movable part of | — 2K$\ explicitly. Details are left to the reader. 
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Proof of (i) of Theorem 12.21 By the Riemann-Roch formula, we have, for a twistor space 
of nP 2 , x((~ l/2)-K"z) = 10 — 2n. Further, by the positivity of the scalar curvature of the 
Joyce metric, we have H 2 ((— 1/2)K Z ) = by Hitchin's vanishing theorem By the Serre 
duality we also have H 3 ((-l/2)K z ) = 0. Hence if n = 4 we have dimH°((— 1/2)K Z ) - 
dimff 1 ((— l/2)Kz) = 2 and it follows H 1 ((—\/2)Kz) = 0. Next take an irreducible member 
S G |(— l/2)Kz\ and consider an exact sequence 

(8) — ► {-1/2)K Z — ► -K Z — ► -2K 5 — » 0. 
From this we obtain an exact sequence 

(9) — tf°((-l/2)tf z ) — — H°(-2K S ) — » 0. 

Since we have dimi?°(— 2i£g) = 5 by Lemma l2.HI (i). we obtain dimif°(— iT^) = 7. Finally, 
since 2S G | — and by the surjectivity of the restriction map H°(—Kz) — > H°(—2Ks), we 
have Bs | — = Bs | — 2iTg|. But the latter is contained in the cycle G by Lemma 12. HI (i), □ 

Proof of (ii) of Theorem HHJ As in the theorem let $ : Z -> P V F°(-£T Z ) = P 6 be the 
meromorphic map associated to the anticanonical system of Z. The goal is to obtain a diagram 
(|12|) below, which immediately implies the bimeromorphicity of <£. To this end we first show 
that the G-action on H°(—Kz) induced from Z is given by 

(10) (2/1, 2/2, 2/3, 2/4, 2/5, 3/6, 2/7) 1 — * (.s~ 1 yi,sy 2 ,t~ 1 y 3 ,ty 4 ,y5,y6,y7) for («,*) G G 

for a coordinate (2/1, •• • ,2/7) on H°(—Kz)- For this, by © and the G-equivariant exact 
sequence Q, it suffices to show that the natural G-action on H ((— l/2)Kz) — C 2 is trivial. 
Since each member S G |(— \/2)Kz\ is G-invariant, the G-action on H°((— l/2)Kz) must be of 
the form (x,y) 1— » (s m t n x, s m t n y) for some m, n G Z. To show m = n = 0, let V C H°(—Kz) 
be the subspace generated by the image of the map 

(11) H°((-l/2)K z ) x H°((-l/2)K z ) — » H°(-K z ); (a 1: a 2 ) — > <7i ® <7 2 . 

V is clearly 3-dimensional, G-invariant and the G-action is a scalar multiplication of s 2m t 2n . 
By the exact sequence ©, the image of V under the restriction map H°(—Kz) — > H°(—2Ks) 
is 1-dimensional, on which G still acts by multiplication of s 2m t 2n . By (JSJ) this can happen 
only when m = n = 0, and thus we obtain At the same time we obtain an important 

fact that the subspace V is the G-fixed part of H°(—Kz)- 
By the inclusion V C H°(—Kz) we obtain a projection 

7T : P V H°(-K Z ) — ► P V F = P 2 . 

Let P^, C P v H°(— Kz) be the center of ir. Namely, P^ is the projective space of the 
linear space {/ G H°(—Kz) v \ l\v = 0}. Fibers of ir are 4-dimensional linear subspaces in 
P V H°(— Kz) containing P^. For simplicity of notation we write Wg = H°(—2Ks), which is 
5-dimensional. Since the restriction map H°(—Kz) — > Ws is surjective, <$>\s can be identified 
with the morphism <f> : S — > P y Ws in Lemma 12.31 where P v Ws can be canonically regarded 
as a linear subspace of P v H°(— Kz) by the surjection. Since the image of the inclusion 
H°((-1/2)K Z ) -> H°(-K z ) in ® is contained in V, P^ is contained in P V W S for any 
irreducible S G |(— 1/2)K^|. Hence the image iriP^Ws) is a point for each S G |(— l/2)Kz\- 
In this way the pencil \(—l/2)Kz \ determines a holomorphic curve A in P^V. We show that A 
is a smooth conic. To see this, we note that the subspace P v Ws in P v if°(— Kz) is determined 
by the kernel of the surjection H°(—Kz) — > W5, and that ^(P^ 7 !^) is precisely the point of 
P v y determined by the kernel. Concretely, let {(71,02} be a basis of H°((—l/2)Kz)- Then if 
S G \(—l/2)Kz\ is defined by u\o\ + u 2 cr 2 for some (111,112) G C 2 , the image of the inclusion 
H°((-1/2)K Z ) -» H°(-K z ) is the plane {(t^oi + f 2 <x 2 ) ® («i<ri + u 2 cr 2 ) | (vi,«a) G C 2 }. The 
latter can be rewritten as {u\V\a\ + u 2 u 2 <r| + (m 2 ^i + nif 2 )cricj 2 | (vi,u 2 ) G C 2 } whose Pliicker 
coordinate is given by (u\U2, —u 2 , —u 2 ). It follows that A is a smooth conic in P V V. From 
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the construction we have the following commutative diagram of meromorphic maps: 

Z P 6 

(12) * 

A 



where Vl/ : Z — ► A is the meromorphic map associated to the pencil |(— l/2)Kz | and t : A — > 
p2 _ pVy j g [ nc \ ns [ on as conic. A must be real since the pencil |(— l/2)Kz\ is real. As 
is already seen, if S\ := \I r_1 (A) for A G A is irreducible, <&\s x is just the morphism associated 
to | — 2Ks x \ and is birational onto its image by Lemma 12.31 (ii). Since general members of 
|(— 1/2)K\ are irreducible and i is an embedding, it follows that $ is bimeromorphic onto its 
image. Thus we obtain (ii) of Theorem 12.21 □ 

Proof of (iii) and (iv) of Theorem 12.21 Let (xi, • • • ,x 7 ) be the coordinate on H°(—Kz) v 
which is dual to the coordinate (yi, • • • ,2/7) for which the natural G-action is given by 1)10(1 . 
In this coordinate, the induced G-action on H°(—Kz) v is given by 

(13) (xi,x 2 ,x 3 ,X4,x 5 ,xq,x 7 ) 1 — > (sxi,s~ 1 X2,tx 3 ,t~ 1 XA,x 5 ,XQ,x 7 ) for (s,t)eG. 

It is also readily seen by choosing a real S in Q and by @ that the induced real structure on 
H°(—Kz) v is given as in @. In particular we obtain (iv) of the theorem. Let V C H°(—Kz), 
P^o C P V H°(— Kz), and A C P 2 be as in the proof of (ii). Then (x§,xq,x 7 ) becomes a 
coordinate on V y and we have = {2:5 = xq = x 7 = 0} . Since A C P V V is a smooth real 
conic having real locus, we can suppose that 

(14) A = {(x 5 ,x 6 ,x 7 ) G P 2 I x\ = x 6 x 7 }, 
which is one of the required equations (^Q). Next we define 

B = {(xi, • • • , x 7 ) G P 6 I £5 = xq = x 7 = 0, X1X2 = X3X4 = 0} 

which is a cycle of 4 lines in P^. B is characterized by the property that it is a set of all 
non-real G- invariant lines in P^. 

Let X = Q(Z) C P 6 be the image of Z and write X\ = &(S\) for A G A. By the diagram 
(|12() X\ is contained in tt~ 1 (X) ~ P 4 (where we omit the inclusion l) which always contains 
P^o- Moreover, B is contained in &(S\) for all A G A, since by Lemmas 12.31 and 12.41 the 
4 components of B must be the images of 62,65, C^Cs, and since C is the base curve of 
|(— l/2)Kz\- Thus while |(— l/2)Kz\ is a pencil whose general members are smooth toric 
surface having C as the base locus, their image under $ is a pencil whose general members 
are toric surface with 4 ordinary double points, having B as the base locus. 

To obtain defining equations of X in P 6 , we blow up P 6 along P^,. Then the projection 
7r : P 6 — > P 2 becomes a morphism and P 6 becomes the total space of the P 4 -bundle 

p : P(^(l)® 4 — ► P 2 , 

whose fibers are naturally identified with fibers of n. Define X\ C P(^?(l)® 4 to be the strict 
transform of X, and let v\ : X\ —> X be the natural surjection and p\ : X± — > A the restriction 
of p onto X\. v\ is the blowing-up of X\ along the cycle B. Since A is a conic, X\ is contained 
in p _1 (A) ~ P(^(2)® 4 © G) over A ~ P 1 . We put ^ = Xi/x 7 for 1 < % < 4 and A = x 5 /x 7 . 
Then we can use A as an affine coordinate on A\{(0 : 1 : 0)} ~ C, and (£1, £21 £3) £4) as a fiber 
coordinate of the bundle ^(2)® 4 — > A over there. Then by © the natural real structure on 
the bundle is given by 

(15) A) ,_ > (C 2 ,?i,?4,?3;A). 

Since each X\ (A G A) contains the center B, v\ is isomorphic on the strict transform of X\, 
which is contained in p _1 (A). If we use (£1, ^> £3; £4) as an affine fiber coordinate on the bundle 
P(<^(2)® 4 © 0), by the equations ((5J), the strict transform of X\ in X\ is defined by 

(16) £i& = /i(A), 6£ 4 = /2(A) 
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where /i(A) and /2(A) are holomorphic functions of A € A. But since (|16|) is an equation with 
values in f\ and /2 must be a quartic polynomial of A. Moreover, by Lemma 12,31 and 

()15|) . /(A) must be real number as long as A is real. Let Ai C A and A2 C A be the zero 
locus of the equations /i(A) = and /2(A) = respectively and we view A as the conic (|14j) in 
P 2 . Since A is real and Aj (i = 1, 2) are real subsets, there exist real conies ^ (i = 1, 2) such 
that n A = Aj hold scheme theoretically. (The choices of ^1 and ^2 are not unique.) Let 
Qi(x5, xq, X7) and Q2(x5,xq,xy) be defining quadratic polynomials of and ^2 respectively, 
which necessarily have real coefficients by the choice. Then by the definition of ^j, we have, 
for i = 1,2, 



(17> i'{i)=^-\T 7 \i) 'V 

for some non-zero constants c\ and C2. Therefore by substituting A = x^jx-j to (|16|) and then 
multiplying them by x 2 and using x| = xqXy, we obtain the remaining two equations of (pQ). 
□ 



The structure of the bimeromorphic map can be understood more readily if we blowup 
Z. Namely if \i\ : Z — > Z denotes the blowing-up along the cycle C, and if v\ : X\ — > X still 
denotes the blowing-up along B as in the proof of (iii) , then by (|12|) we obtain a commutative 
diagram: 

Z X X 
(18) I 

A A, 

where vertical arrows are morphisms but $ (which is induced from $) still has indeterminacy. 
Note that both X\ and Z have singularities. As in the proof of (iii), X\ is naturally a subvariety 
in the P 4 -bundle P(<^(2)® 4 © &) over A ~ P 1 and its defining equations are given by (|16|) . 



2.3. More restrictions on the defining equations. Next we will obtain more neces- 
sary conditions for Q\ and Q2 in Theorem 12.21 by taking reducible members of the pencil 
\(—l/2)Kz\ into account. To this end, as in the proof of (ii) and (iii) of Theorem 12.21 we 
consider a projective plane P V V = P 2 having (X5 : xq : x-j) as a homogeneous coordinate and 
write (i = 1,2) for the conies in the plane defined by Qi(x$, xq,xj) = respectively, and 
denote Aj = A D (i = 1,2) as before. Of course, these 3 conies are respectively real with 
respect to the real structure (x5,xq,xy) 1— > (x5,XQ,xr). Moreover, if A°" denotes the set of real 
points in A, then A CT ~ S . 

Theorem 2.5. For the intersections of these conies we have the following, (i) Aii~lA2 consists 
of 2 real points, (ii) Both Ai and A2 consist of 4 real points, so that A\ U A2 consists of 6 
real points, (iii) The 2 points Ai\(Ai n A2) belong to one of the 2 connected components of 
A CT \(Ai nA2), and the 2 points A2\(Ai n A2) belong to another component o/A CT \(Ai nA2). 

This says that the 3 conies intersect as illustrated in Figure ^ 

In the rest of this subsection we will prove Theorem 12.51 For this we need to know the 
images of the reducible members of the pencil \{—\/2)Kz\ under the bimeromorphic map <E>, 
basically because the zeros of f\ and /2 in the equations (|23|l correspond to the reducible 
members of the pencil. So we give a numbering for G-invariant twistor lines as illustrated in 
Figure [21 Then recalling that each Lj (1 < i < 6) is of the form H ( Proposition 12 . ll (v) ) . 
we obtain a natural numbering for the reducible members of the pencil. Moreover, though 
there is no natural way to make a distinction between and S~ , we define (1 < i < 6) 
to be the component which contains Cg, so that is the component containing Cq . 
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Figure 1. The 3 conies determining the projective model of the twistor space 




Figure 2. The numbering for G-invariant twistor lines 

Lemma 2.6. The following divisors are all G-invariant members of \ —Kz\: (a) S + S', where 
S, S' e \(-l/2)K z \, (b) S+ + S+ + S+ + SZ, S7 + + S3 + St, Sf + S+ + S+ + S+ and 

Proof. As seen in (jlUj) . the natural G-action on H°(—Kz) = C 7 is of the form 

(2/1,2/2,2/3,2/4, 2/5, 2/6,2/7) 1 — ► (s _1 2/i,s2/2,t" 1 2/3,*2/4,2/5,2/6,2/7) 

for a coordinate on H°(—Kz)- Hence if / is a G-invariant 1-dimensional subspace of H°(—Kz), 
then one of the following holds: (a') / is contained in V = {yi = 2/2 = 2/3 = 2/4 = 0}, (&') / 
is generated by (1,0,0,0,0,0), (0, 1,0,0, 0,0,0), (0, 0, 1,0,0,0,0) or (0,0,0,1,0,0,0). As in the 
proof of (ii) of Theorem 12 .21 V is generated by the image of the map (|11|). Hence if Z is in (a'), 
then Z must be of the form (a) in the lemma. It remains to see that the 4 divisors in (b) in 
the lemma are actually members of | — Kz\- This can be verified by explicitly specifying the 
cohomology classes of Sf in H 2 (Z, Z) for all 1 < i < 6 and checking that the sums of the 4 
cohomology classes belong to c\{Z). We omit the detail. □ 

Next for each 1 < i < 6, we define Wf 1 to be the images of the restriction H°(—Kz) — > 
H°(— Kz\S i ), so that we have an exact sequence 

(19) — » ^°(-K z - ) — > H°(-K z ) — » — » 0. 

Further we write (C H°(-K z )) for the images of the injection in ()19l) . If | denote the 
linear systems on Sf associated to Wf , the restriction $ | is precisely the associated rational 
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map Sf -> Y> y Wf of \W^\, where P v W i ± are naturally linear subspaces of Y y H Q {-K z ) = P 6 
by the surjections in H19|) . Then the following result concerning how these linear subspaces 
intersect is essential in our proof of Theorem 12 .51 Also, the calculations in the proof provide a 
partial reason for the complicated construction of the twistor spaces given in the next section. 

Lemma 2.7. We have the following, (i) dimW^ = 3 for i = 1,4 and dimWf 1 = 4 for 

1 = 2,3,5,6. (ii) dim(P v W+ n P y Wr) = for i = 1,4 and dim(P v W i + n P V W~) = 2 
for i = 2,3,5,6. (Hi) dim(P v W 1 ± n P v Wf) = 0, where ± take every combinations, (iv) 
dim(P v W 2 + n P v Wf) = dim(P v W 5 + n P v Vg + ) = 2. 

Proof. For (i), we have only to prove dimW^ = 3 thanks to the real structure. Since 
dim H°(—Kz) = 7, we have dimW^ = 7 — dim H°(—Kz — Sf). To calculate the latter 
cohomology group, we consider the exact sequence 

(20) — » -K z - Sf - Sr — » -K z - Sf — ► -1T Z - S t +| s _ — » 0. 

Then since fif + G |(-l/2)ivT z | we have -K z - 5+ - Sr ~ (-1/2)^- On the other 
hand we have H {{— 1/2)K Z ) — C 2 and l/2)Kz) = as seen in the proof of Theorem 

12.21 (i). Hence by the cohomology exact sequence of (jUJ) we obtain dim H°(-K z - Sf) = 

2 + dimH°(—Kz — Sf\ s -). Hence we obtain 

(21) dim W+ = 5 - dimtf (sf, - 5+)| 5 -) . 

Next we calculate the right hand side of (|21|) . By adjunction we have — K z \ s - + /z- 
On the other hand, we have (— 1/2)1^ | 5 - ~ Sf + S^\ S - ~ N s - ^ Z + L{. From these we readily 
obtain {—l/2)Kz\ s - ~ —K s - — Li. Then noting S^"| sr c± Lj, we obtain [—Kz — Sf) \ s - ~ 
— 2i^c.+ — 3Lj. Now since S 1 ^ is a toric surface whose structure can be explicitly described (cf 

i 

an explanation after Prop. |2~T|) . we readily obtain an effective (and torus invariant) member 
of I — 2K S + — 3Li\. Once a member is obtained it is not difficult to compute the dimension 

of the associated linear system, for each Sf, 1 < i < 6. We omit the detail since it is 
a succession of standard computations. As a result we obtain that for i = 1,4 we have 
dim H°(—Kz — Sf\ s -) = 2 and the remaining 4 cases we have dim H°(—Kz — Sf\ s -) = 1. 

i i 

Hence by (|21|) we obtain (i) of the lemma. 

For (ii) we note that P v Wj is a linear subspace associated to the vector space {I € 
H°(-K z ) v I l\ v ± = 0}. From this it follows that 

i 

(22) dim(P v W / i + n P y Wr) = dim H°(-K z ) - dim(T/+ + V~) - 1 

where Vf~ + V~ is the usual sum as vector subspaces in H°(—Kz). On the other hand by 
the natural isomorphisms V+ n Vf ~ H°(-K z - Sf - S~) ~ H°((-1/2)K Z ) ~ C 2 we have 
dim(Vf r n V£~) = dim + dimV~ — 2. Hence by (i) and ((2*2l we obtain (ii) of the lemma. 

For (hi), by reality it is enough to show that dim(P v Wfr(P v W 4 + ) = dim(P v VK 1 + nP v W 4 ^) = 
0. For this using the same argument as in (ii) it suffices to verify that dim(V 1 + n V^ + ) = 
dim(y+ n V±) = 2, or equivalently dimH°(-K z - Sf - Sf) = dim H°(-K z - Sf - S") = 2. 
To see the latter, hrst note that S± + is a member of | — Kz — Sf — Sf\. Moreover, 
by Lemma [2.61 Sf + Sf is also a member of | — Kz — Sf — S^\. From these we obtain 
dim H°(-K z - Sf - Sf) > 2. Moreover, if dim H°(-K z - Sf - Sf) > 3, there must be 
another G-invariant member of | — Kz — S± — Sf \ . Such a member must be a sum of two degree 
1 divisors, since all G-invariant divisors in Z are members of \(—l/2)Kz\ or S, , 1 < i < 6, 
and since — Kz — Sf — Sf 9^ {—1/2)K Z - But again by Lemma l2~B1 there does not exist such 
a member other than Sf + Sf and Sf + Sf. Thus we obtain dim H°(—Kz — Sf — Sf) = 2. 
By the same argument it follows that S± + Sf and Sf + Sf are all G-invariant members of 
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1 — Kz — — S±\ and we also obtain dim H°(—Kz — — S^) = 2. Hence we obtain (iii) of 
the lemma. 

To show dim(P v W^~ n P v W / 3 + ) = 2, by the same reason as in (ii) and (iii), it suffices to 
show that dim(V 2 + D V3 ) = 2 or equivalently dim H°(—Kz — S£ — S% ) = 2. It is clear that 
S2 + S% is a member of | — Kz — S^ — S$\ and by Lemma l2~o1 Sf + S^ is also a member 
of I — Kz — S~2 — S%\. Hence dimH°(—Kz — S% — S£) > 2. To obtain the equality, we can 
argue in the same way as in (iii). dim(P v H / 5 1 " nP v lf 6 + ) = 2 can be also verified exactly in the 
same way. Thus we obtain (iv) of the lemma. □ 

Proof of Theorem 12.51 We freely use notations in the proof of Theorem 12.21 For A € A, 

&(S\) is contained in a surface in 7r _1 (A) ~ P 4 (cf. the diagram (|12|)) defined by 

(23) £l& = /i(A), £ 3 £ 4 = /2(A). 

Let Aj € A, 1 < i < 6, be the points such that Si = S\ i holds. If A 7^ Aj for 1 < i < 6, 
namely if S\ is irreducible, then as showed in the proof Theorem 12.21 <&\s x coincides with the 
map associated to | — 2K\ and hence by Lemma 12.31 $>(S\) is the surface (0) with ab ^ 0. 
Therefore we have /i(A)/2(A) 7^ for A 7^ A,;. Suppose i = 1 or i = 4. ) is contained in 

P v Wf C P y H°{-K z ) and P v Wf is a plane by Lemma l2.7l (i). and it is clearly G-invariant. 
Hence the surface (1231) must contain a G-invariant plane. By ()13|) . the G-action on 7r _1 (A) is 
of the form (£1, £2, £3, £4) ► (s£i, s _1 £2> ^3, t -1 ^)- Hence all G-invariant planes in 7r _1 (A) are 
{£1 = 6 = 0}, {£1 = 6 = 0}, {6 = £4 = 0}, {£ 2 = £3 = 0}, {6 = £4 =_0}_and {£3 = £4 = 0}. 
Since the real structure on 71" (A) (A € R) is given by (£1, £2, £3, £4) | — ► (£21 £ii C41 £3) as i* 1 CSJi 
among these 6 planes, the first and the last ones are real. If P v coincides with one of these 

2 real planes, then by reality P y W~ must be the same real plane. This contradicts Lemma l2.7l 
(ii). Hence {P v , P V W~} is a conjugate pair of planes which are among the remaining 4 
planes. This immediately implies fi(Xi) = h{h) = for i = 1, 4. If i = 2, 3, 5, 6, P v Wf = P 3 
by Lemma 12.71 (i) and hence the surface (|23|) must contain a G-invariant hyperplane in P 4 . 
This implies that /i(Aj)/2(Aj) = 0. Then since deg/i = deg/2 = 4 and we already know that 
/l(Aj) = /2(Aj) = for i = 1,4, precisely one of /i(Aj) = and /2(Aj) = occurs for each 
i = 2, 3, 5, 6. This implies that both /1 = and = have no double roots and precisely two 
of the four roots coincide. Thus we obtain (i) and (ii) of the theorem. 

Finally to prove (iii) it is enough to show that /i(A2) = iff /i(As) = 0, and /i(As) = iff 
/i(A 6 ) = 0. If /i(A 2 ) = 0, then by (H, $(S^) and $(5^") are contained £i£ 2 = 0. Hence either 
P V W^~ = {£1 = 0} or P v W / 2 + = {£2 = 0} holds. Suppose the former holds. Then by Lemma 
15771 (iv). P V W 3 + = {£1 = 0} must hold. In the same way, if the latter holds, P V W 3 + = {£ 2 = 0} 
must hold. Thus we always have /1XA3) = 0. In the same way, if /1XA3) = 0, then f\(\2) = 0. 
By the same argument we have /i(As) = iff /i(Ae) = 0. Thus Ai = {Ai, A4, A2, A3} and A2 = 
{Ai, A4, A5, Xq} hold simultaneously or otherwise Ai = {Ai, A4, A5, Xq} and A2 = {Ai, A4, A2, A3} 
hold simultaneously. This directly implies the conclusion of (iii) of Theorem 12.51 as required. 
□ 

Finally in this section we prove by using Lemma 12 . 71 some detailed result about the bimero- 
morphic map $ needed in the final part of the next section. For A € A we denote by T\ C S\ 
for the union of all 2-dimensional G-orbits in S\. If S\ is irreducible, T\ is isomorphic to G. If 
S\ is reducible, T\ is isomorphic to a (disjoint) union of two copies of G. Define U := U\ & \T\, 
the union of all 2-dimensional orbits in Z. In other words, U is the complement of all lower- 
dimensional G-orbits, where the latter consists of G-orbits contained in G and the G-invariant 
twistor lines Lj, 1 < i < 6. Thus $ is well defined on U by Theorem 12.21 

Lemma 2.8. Let Z, $ : Z -» P 6 , P^ C P 6 ; G C Z, X = $(Z) CP 6 andB cX be as before, 
and U the union of all 2-dimensional G-orbits in Z as above. Then we have the following, (i) 
On U, $ is biholomorphic onto its image and Q(U) is contained in X\B. (ii) Q(S^) H P 3 ^, 
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^(S 1 ) n P 3 ^, &(S~l ) n P 3 ^ and 3>(S 4 ) n P 3 ^ are mutually different non-real G -invariant lines 
in P3,. Offence we /lave S = ($(5^) U ) U $(5|) U $(5^)) n P^.J 

We note that the restriction Z\C — ► X\B of $ is never surjective, since the meromorphic 
map X — > A (or the morphism Xi — > A in the diagram Q18|) ) has reducible fibers consisting 
of 4 planes over Aj for i = 1,4. In brief, X has 'redundant' divisors which do not exist in 
the twistor space Z. This is an important and most difficult point in the construction of the 
twistor spaces given in the next section (especially in Step 5). 

Proof of Lemma 12.81 By Lemma 12.41 (iii), if A 7^ Aj for 1 < i < 6, &\s x is a birational 
morphism which precisely contracts 8 components of C. Thus $ gives a biholomorphic map 
from S\\C = T\ to X\\B, where X\ = $>(S\). We show that on the reducible members 
Si = S?~ + (1 < i < 6), $ also gives a birational map which is biholomorphic on the two 
2-dimensional G-orbits. For i = 1,4, $(S , i ± ) is contained in ~P V W^ = P 2 and the latter must 
be one of the non-real planes {£1 = £3 = 0}, {£1 =£4 = 0}, {£2 = £3 = 0} and {£2 = £4 = 0} 
as showed in the proof of (i) and (ii) of Theorem 12.51 On these 4 planes all d-dimensional 
G-orbits with al = 0, 1 are contained in a line. Therefore by non-degeneracy of the image, it 
follows f>(iS'? = ) = ~P y W^ . Hence 2-dimensional orbits in Sf' must be mapped to 2-dimensional 
orbits. Moreover, these must be isomorphic, since G are acting effectively on the planes. 
Hence $ is isomorphic on T\ i for i = 1,4. By similar (and simpler) argument, it follows that 
for i = 2,3, 5, 6, still gives birational maps from Sf 1 onto a quadratic cone in P^Wf 1 = P 3 
that are biholomorphic on 2-dimensional G-orbits. Thus we have seen that for any A € A, <3? is 
biholomorphic on T\. Then recalling that the pencil |(— l/2)Kz\ has C as the base locus and 
that they are mapped to a pencil {X\}\eA which has B as the base locus, it follows that $ is 
biholomorphic on Uaga^a = U an d that 3>(?7) is contained in X\B. Thus we obtain (i). 

For (ii), we first note that when i = 1,4, the set {3>(S+) n P 3 ^, $(S^~) n P 3 ^} is a conjugate 
pair of G- invariant lines in P 3 ^. In fact, if $>(S^~) = P V W^~ = P 2 were contained in P 3 ^, then 
3>(Sj r ) = P v W i " = P 2 would also be contained in P 3 ^ by reality and therefore P v W- + nP v W i ~ 
is at least 1-dimensional. This contradicts Lemma 12.71 (ii). Hence both <J>(5^~) nP^, and 
$>(Sj~) n P 3 ^ must be lines, which is obviously a conjugate pair. G-invariance of these lines 
is also clear. On P 3 ^ there are precisely 2 pairs of G-invariant real lines. It remains to show 
that {$(Sf) n P 3 ^, $(5f ) n P 3 ^} n {$(Sj) n P 3 ^, ) n P^} = 0. If this is not true, then 
n P^, $(5f ) n P 3 ^} = {$(5^) n P 3 ^, $(S7) n P 3 ^} holds. This contradicts Lemma 
12.71 (iii), as required. □ 

3. An explicit construction of the twistor spaces 

In this section we will provide an explicit procedure how to obtain the twistor spaces of 
Joyce metrics on 4P 2 (whose A'-action is of Type I) from the projective models obtained in 
the previous section. 

We first recall continuous parameters involved in the Joyce's construction of his metrics. A 
Joyce metric on nP 2 with a prescribed AT-action is uniquely determined once the set of (n + 2) 
points {yi < yi < ■ ■ ■ < y n +2} on R U {00} = RP 1 is given. Moreover, the metrics coming 
from different sets of (n + 2) points are mutually isomorphic iff they are equivalent under the 
natural action of GL(2,R). In the equivalence class of {y\ < ■ ■ ■ < y n +2} is called the 
conformal invariant of a Joyce metric. 

On the other hand, as in Proposition ^. 11 if Z is the associated twistor space of a Joyce metric 
on 4P 2 , there exist precisely 6 reducible members Si, ■ ■ ■ , Sq of \(—l/2)Kz\- Correspondingly 
we have 6 real points Ai, • • • , Xq in A = P 1 arranged cyclically by our choice of the reducible 
members specified in Proposition 12.11 Note that once we give a numbering for G-invariant 
twistor lines as in Figure |2J the numbering for the 6 points in A is automatically determined, 
and we adopt this numbering also in this section. In ^ (6.13)], an equivalence class of a circular 
sequence {Ai, • • • , Xq} is called the twistorial invariant of a Joyce metric. By Theorem 9.1 in 
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PP, if Z is the twistor space of a Joyce metric whose conformal invariant is {y% < ■ ■ ■ < i/q}, 
then we can suppose that Aj = y\ for 1 < i < 6. 

Theorems 12 . 21 and 12 . 51 imply that Z is bimeromorphic to the complete intersection X defined 

by 

(24) X±X 2 = Ql(x 5 ,XQ,X 7 ), x 3 x± = Q 2 (x 5 ,x 6 ,x 7 ), x 2 5 = xqx 7 , 

where the conies ^ = {Qi = 0} (i = 1,2) intersect A = \x\ = xqx 7 } in such a way as in 
Theorem 12.51 (see Figure If we blow up Z along the cycle G, then correspondingly X is 
blown-up along B = {x§ = xq = x 7 = x\x 2 = X3X4 = 0} and the strict transform X\ of X was 
defined by 

(25) 66 = A (A), 66 = /2(A), 

where £j (1 < i < 4) are fiber coordinates of ^(2), /1 and / 2 are quartic polynomials of A, and 
is an equation in P(<^(2)® 4 <^) -> A = P 1 . As in (JT3J) and ifTB^). the G-action and the 
real structure are respectively given by 

(6, 6, 6, 6; A) > (s6,^ 1 6,t6,t" 1 6;A) for ( s ,t)eG 

and 

(6,6,6,6;A)^(6,6,6,6;A). 

By virtue of Theorem 12 . 51 and Lemma 12.41 (ii). we can suppose that 

(26) /x(A) = -(A - Ai)(A - A 4 )(A - A 2 )(A - A3), 

(27) / 2 (A) = (A - Ai)(A - A 4 )(A - A 5 )(A - A 6 ). 

As before let p\ : X% — > A be the projection. Then the following (a), (b) and (c) are easy to 
see. (Some of them are already seen in the previous section.) 

(a) Over A\{Aj | 1 < i < 6}, p\ is a fiber bundle whose fibers are irreducible toric surfaces with 
4 ordinary double points (Lemma 12. 4|) . These singularities form 4 global sections of p±, which 
we call hjhjijh (Figure 01(1)). These are 1-dimensional singular locus of X\. 

(b) If i = 2,3,5,6, p^iXi) is a reducible toric surface consisting of 2 quadratic cones ((1) of 
Figures I5I6I8I9J) . These 2 cones form a conjugate pair, and their intersection is a smooth real 
conic. (These 4 conies will become G-invariant twistor lines.) 

(c) If i = 1,4, p^ 1 (Xi) is a reducible toric surface consisting of 4 projective planes ((1) of 
Figures I4I7|) . These 4 planes share a unique point and it is an ordinary double point of X\. 
(These 2 points will yield the remaining two G- invariant twistor lines.) The singular locus of 
X\ consists of l\ U Z 2 U l\ U Z 2 and these 2 ordinary double points. Thus the singular locus of 
X\ coincides with the set of G- fixed points on X±. 

In the following we apply a succession of blowing-ups and blowing-downs to X\ . The goal 
is to obtain a fiber space Z — > A = P 1 of toric surfaces, which will be shown to be isomorphic 
to a blowup of the twistor space of a Joyce metric. In every steps blowing-ups and downs are 
performed in such a way that they preserve the G-action and the real structure. So we do not 
mention about the G-action and the real structure in each step. 

• Step 1 (Resolution of the 1-dimensional singular locus of X\). Let X 2 — > X\ be the blowing- 
up along singularities /iU/ 2 uIiU/ 2 andp 2 : X 2 — > A the natural projection. On the exceptional 
divisors of X 2 — > X\ there are 8 distinguished sections m\ , • • • , and mi , • • • , 7714 of p 2 
whose points are G-fixed ((2) of Figures • I n the subsequent construction, these sections 
become important in that they enable us to keep track of mutual relationship between different 
reducible fibers. Under the blowing-up X 2 —* X\, each fiber gets the following effect: 
(a) On irreducible fibers of p\ : X\ — » A, X 2 — » X\ gives the minimal resolution of all the 
singularities therein ((1) =^> (2) of Figure OJ). 
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(b) If i = 2,3,5,6, the intersection point pj~ 1 (Aj) n lj and pj~ 1 (Aj) nlj (j = 1,2) is either the 
vertex of the 2 cones or a smooth G- fixed point lying on the intersection conic of the cones. 
For the former intersection points, A2 — > X\ gives the minimal resolution, whereas for the 
latter intersection points, it gives usual blow-ups (at smooth points) of both cones. Thus for 
each i = 2, 3, 5, 6 the restriction p 2 ~ 1 (K) — > (Aj) of A 2 — > Ai has 6 exceptional curves, two 
of which become (— 2)-curves (which are the exceptional curves over the 2 vertices) in p^" 1 (Aj), 
and four of which are (— l)-curves in the strict transforms of the cones. Moreover, the latter 
4 curves are (—1, — 1) -curves in X2 ((2) of Figures I5l6l8l9j) . 

(c) If i = 1,4, all the intersection points p^ x (Ai) n lj and p^ 1 (Xi) (j = 1,2) are smooth 
points of two planes. So the exceptional locus of p^iK) —* P\ l {\) consists of 8 rational 
curves. (Each planes are blown-up twice.) All these exceptional curves are (—1, — l)-curves in 
X2, and they intersect precisely one of the sections rrij and rrij, 1 < j < 4. ((2) of Figures |4I7|) 

• Step 2 (Flops inside some reducible fibers). For each i = 1,3,4,6 (not 2,3,5,6) we will 
choose a conjugate pair of (— 1, — l)-curves in P2~ l {\i) among those obtained in Step 1. We 
give these pairs by specifying which sections among mi, • • • , 7774 and mi, • • • ,m4 they intersect 
respectively: for i = 1, we choose a pair of (—1, — l)-curves intersecting m\ and mi respectively; 
for i = 4, we choose a pair of (—1, — l)-curves intersecting 7773 and W13 respectively; for i = 3, 
we choose a pair of (—1, — l)-curves intersecting 771,2 and 7772 respectively; for i = 6, we choose 
a pair of (—1, — l)-curves intersecting 7774 and 7774 respectively. Then we take flops along these 
8 curves ((2) (3) of Figures F4J6J7I9|) . Let A3 be the resulting space and P3 : A3 — > A the 
natural projection. For the strict transforms of the sections rrij and rrij, 1 < j < 4 we use the 
same notations mj and rrij respectively. 

• Step 3 (Further blowing-ups along 4 sections). Let A4 — > A3 be the blowing-up along 
mi U 7773 U mi U 7773 and j»4 : A4 — > A the projection ((3) =4> (4) of the Figures I3H01 in Figures 
El and the pictures of '(4)' are not included because of the lack of space.) Then irreducible 
fibers of ps are blown-up at 4 smooth points and consequently they become a (smooth) toric 
surface with K 2 = 0. (We do not touch these smooth fibers any further.) For i = 1,4, among 
4 irreducible components of p^ 1 (A«), only one conjugate pair of the components get effects by 
A4 — ► A3 and each of these 2 components are blown-up twice. Another pair of the components 
of P3 : (Aj) are untouched through A4 — ► A3. So we temporary call these 2 components 'the 
untouched components'. (In (3) and (5) of Figures El and these components are represented 
by the 2 squares.) It is readily seen that these untouched components are isomorphic to £1, 
a one point blown-up of P 2 . On the other hand, for i = 2, 3, 5, 6, each irreducible components 
of P3 : (Aj) are blown-up at 2 points through A4 — ► A3. 

• Step 4 (Small resolutions of the ordinary double points). The two ordinary double points 
of Ai get no effect through Step 1-3, and A4 has the corresponding ordinary double points 
which are on p^ 1 (Ai) and p^ *(A4) respectively. Let A5 — > A4 be their small resolutions which 
do not blow-up the 'untouched components' in Step 3, and p§ : A5 — > A the projection. This 
condition uniquely determine the small resolutions. (The 2 exceptional curves of A5 —* A4 
will become G-invariant twistor lines.) Consequently A5 becomes non-singular and the normal 
bundles of the strict transforms of the untouched components into A5 has degree —1 along 
fibers of Si -> P 1 ((5) of Figures H and E|) . 

• Step 5 (Blowing-downs of redundant divisors). From the last remark in Step 4, the 'un- 
touched components' over Ai and A4 can be blown-down along a projection Si — ► P 1 . Let 
A5 —s- Xq be the blowing-down of every 4 untouched components and p% : Xq — > A the pro- 
jection ((5) =>■ (6) of Figures |1] and 13) . X& is still non-singular. Another conjugate pair of 
the components over Ai and A4 get no effect through A5 — » Xq. Now all reducible fibers 
PQ 1 (Xi),l < i < 6, consist of 2 irreducible components which are conjugate of each other 
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((6) of Figures 0HH1) • The intersection of these components are real smooth rational curves in 
Pq 1 (Aj), which we write Lj, 1 < i < 6. (Li will become G-invariant twistor lines.) 

• Step 6 (Contraction of redundant curves into ordinary double points). For each 1 < i < 6, 
there is a conjugate pair of (—1, — l)-curves inside p§ which intersect Li (the bold curves 
in (6) of Figures I3HH1) . Let — > Z be the contraction of these twelve (— 1, — l)-curves into 
ordinary double points and / : Z — > A the natural projection. Thus Z has twelve ordinary 
double points (dotted points in (7) of Figures |IHS|) • 

Remark 3.1. As one may notice, the operations displayed in Figures 0HSl are n °t independent. 
Each pictures in Figure are obtained from those in Figures |1] by rotating 90° clockwisely, 
while the place of all sections lj and mj are fixed. There is the same relationship between 
Figure |B1 and Figure and Figure El and Figure El 

Now we have eventually reached the main result which provides an explicit construction of 
the twistor space of the Joyce metrics in problem: 

Theorem 3.2. Let g be a Joyce's self-dual metric on 4P 2 whose K -action is type I. Let 
{Ai < A2 < • • • < Xq} be the conformal invariant of g. Let Z be the twistor space of g, X 
its anticanonical model which is the complete intersection in P 6 defined by (|24jl. and Z the 
3-fold explicitly constructed from X by Step 1- Step 6 above. Let Z — > Z be the blowing-up of 
Z along the cycle C . Then there is an isomorphism between Z and Z which commutes with 
the real structues. 

Proof. We have a natural morphism f : Z — > P 1 whose fibers are members of the pencil 
\(—\/2)Kz\ which are toric surfaces. The structure of all fibers of / can be explicitly deter- 
mined from the given if-action on 4P 2 . On the other hand, by our construction there is a 
natural morphism / : Z — > A = P 1 whose fibers are also toric surfaces. Since all the opera- 
tions in Steps 1- 6 are explicit, we can verify that all fibers of / and / are G-equivariantly 
isomorphic, there is no real point on and that the real structure on Z exchanges Cj and Cj 
contained in real fibers. Then by V,, Section 8], in order to obtain an isomorphism between Z 
and Z which commutes with the real structures, it suffices to prove the existence of a particular 
curve in Z which plays a vital role in ^ Section 8] to produce an isomorphism between two 
distinct fiber spaces of toric surfaces whose fibers are mutually isomorphic. Namely, it suffices 
to show that there exists a smooth rational curve L in Z fulfilling the following properties: (i) 
L is a smooth real rational curve, (ii) the restriction of the projection / : Z — > A onto L is 2 
to 1 whose branch points become a pair of conjugate points in A\A CT . (iii) L does not intersect 
the strict transform of u^ 1 (B) into Z, where v\ : X\ — » X is the blowup along B as before. 

To show the existence of such a curve L, take a general twistor line in Z in the sense of ^ 
(6.11)]. Namely let L be a twistor line which does not intersect C. Then L is contained in U 
(= the union of 2-dimensional G-orbits introduced in the final part of Section 2.) Hence by 
Lemma 12.81 (i), &(L) is a real smooth rational curves contained in X\B. Therefore z^ ] ~ 1 ($(L)) 
does not intersect u^ 1 (B). Then we define L C Z to be the strict transform of u^ 1 (B) under 
the birational transformations in Step 1-6. Then since L ■ (— l/2)Kz = 2, the restriction of 
the projection Z — > A onto L is 2 to 1 and its ramification locus can supposed to be in A\A°" 
by choosing sufficiently general L. Thus L satisfies (ii). To verify (i) and (iii) we have to see 
that Step 1- Step 6 do not change an open neighborhood of z/f 1 ($(L)). This is obvious except 
in Step 5. In Step 5 we have blown-down the 'redundant' divisors (namely the 'untouched 
components'), and we have to check that the strict transform of i/ 1 _1 ( < I>(L)) into X4 does not 
go through these divisors. To verify this, let Df + and D~l + ZAJ be the redundant divisors 
in pJ 1 (Ai) and pj 1 ^) respectively. Then by our choice of the pair of (— 1, — l)-curves in 
Step 2, Dt + are put in a skew positions in relation to D\ + ZAJ; namely recalling that 
and D 4 correspond (through the birational changes) to planes in X C P 6 , the 4 planes 
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intersect P^, along 4 different lines. On the other hand, as showed in Lemma 12.71 the set 
{$(Sf) = P V W+,$(S^) = P v Wr \ i = 1,4} becomes 4 planes (in P 6 ). Further by Lemma 
12.81 (ii) the intersection of these 4 planes with P^ is 4 different lines. These imply that &(L) 
does not intersect the redundant planes in X at all, or else intersect all of the redundant 
planes. If the latter situation actually happens, we exchange the role of Ai, A2, A3, A4, A5 and 
A6, by A4, A3, A2, Ai, A6 and A5 respectively, in every steps. Then the pairs redundant planes 
are exchanged and hence &(L) becomes to be not intersecting redundant planes. Thus L is 
shown to satisfy (i)-(iii) and hence it follows that Z and Z are isomorphic. □ 
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(4) ~ (5) 



m 2 




m4 



(6) ~ (5) 



m 2 





m4 



(7) ~ (6) 



•(1) 
.(3) 



(2): Blowing-up along h U h U Zi U Z 2 (Step 1) 
(4) : Blowing-up along mi U 7713 U m\ U 7713 (Step 3) 
(Every components of C are placed to be compatible with Figure 



Figure 3. The transformations for irreducible fibers 
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• (1) => (2): Blowing-up along h U h U h U Z 2 (Step 1) 

• (2) => (3): Flops along the 2 bold (-l,-l)-curves (Step 2) 

• (3) (5): Blowing-up along mi U 7773 U m\ U 7773 

and the small resolution of the node (Step 3 and Step 4) 

• (5) => (6): Blowing-down of the 2 redundant divisors (Step 5) 

• (6) (7): Blowing-down of the 2 redundant curves (Step 6) 



Figure 4. The transformations for the reducible fiber over Ai 
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• (1) => (2): Blowing-up along h U l 2 U h U Z 2 (Step 1) 

• (3) (4) : Blowing-up along mi U 7713 U m\ U Wis (Step 3) 

• (6) (7): Blowing-down of the 2 redundant curves (Step 6) 

{La is placed to be compatible with Figure 2.) 

Figure 5. The transformations for the reducible fiber over A2 
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• (1) => (2): Blowing-up along h U Z 2 U h U Z 2 (Step 1) 

• (2) => (3): Flops along the 2 bold (-l,-l)-curves (Step 2) 

• (3) => (4): Blowing-up along mi U m-3 U mi U (Step 3) 

• (6) (7): Blowing-down of the 2 redundant curves (Step 6) 

Figure 6. The transformations for the reducible fiber over A3 



19 




• (2) (3): Flops along the 2 bold (-l,-l)-curves (Step 2) 

• (3) =>(5): Blowing-up along mi U 7713 U mi U 7713 

and the small resolution of the node (Step 3 and Step 4) 

• (5) (6): Blowing-down of the 2 redundant divisors (Step 5) 

• (6) (7): Blowing-down of the 2 redundant curves (Step 6) 

Figure 7. The transformations for the reducible fiber over A4 
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• (1) => (2): Blowing-up along l x U l 2 U h U Z 2 (Step 1) 

• (3) => (4): Blowing-up along mi U 7713 U m\ U f«3 (Step 3) 

• (6) => (7): Blowing-down of the 2 redundant curves (Step 6) 

(L5 is placed to be compatible with Figure 2.) 

Figure 8. The transformations for the reducible fiber over A5 
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(3) (7) ™2 

• (1) => (2): Blowing-up along h U h U Ii U I 2 (Step 1) 

• (2) => (3): Flops along the 2 bold (-l,-l)-curves (Step 2) 

• (3) (4) : Blowing-up along rrt\ U 7713 U m\ U m3 (Step 3) 

• (6) (7): Blowing-down of the 2 redundant curves (Step 6) 

Figure 9. The transformations for the reducible fiber over A6 
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